Rigorous quantum electrodynamical calculation is presented for energy levels of the 1 1 S, 2 1 S, 2 3 S, 2 1 P1, and 2 3 P0,1,2 states of helium-like ions with the nuclear charge Z = 3 . . . 12. The calculational approach accounts for all relativistic, quantum electrodynamical, and recoil effects up to orders mα 6 and m 2 /M α 5 , thus advancing the previously reported theory of light helium-like ions by one order in α.
I. INTRODUCTION
Atomic helium and light helium-like ions have long been attractive subjects of theoretical and experimental investigations. From the theoretical point of view, helium-like atoms are the simplest few-body systems. As such, they are traditionally used as a testing ground for different methods of the description of atomic structure. On the experimental side, small natural linewidths of transitions between the metastable 3 P and 3 S states of helium-like ions permit spectroscopic measurements of high precision. For atomic helium, experimental investigations are nowadays carried out with the relative accuracy up to 7 × 10 −12 [1] . An advantage of the heliumlike ions as compared to, e.g., hydrogen-like ones, is that the transition frequency increases slowly with the nuclear charge number Z (∼ Z). This feature ensures that wavelenghts of a significant part of the helium isoelectronic sequence fall in the region suitable for accurate experimental determination.
There are presently two main theoretical approaches that allow one to systematically account for the electroncorrelation, relativistic, and quantum electrodynamical (QED) effects in few-electron systems. The first one, traditionally used for light systems, relies on an expansion of the relativistic and QED effects in terms of α and Zα (α is the fine-structure constant) and treats the nonrelativistic electron-electron interaction nonperturbatively. This approach started with the pioneering works of Araki [2] and Sucher [3] , who derived the expression for the Lamb shift in many-electron systems complete through the order m α 5 . The other approach aims primarily at high-Z ions. It does not use any expansion in the binding-strength parameter Zα (and thus is often referred to as the all-order approach) but treats the electron-electron interaction within the perturbative expansion with the parameter 1/Z. A systematic formulation of this method is presented in Ref. [4] .
These two approaches can be considered as complementary, the first being clearly preferable for light atoms and the second, for heavy ions. The intermediate region of nuclear charges around Z = 12 is the most difficult one for theory, as contributions not (yet) accounted by either of these methods have their maximal value there. In order to provide accurate predictions for the whole isoelectronic sequence, it is necessary to combine these two approaches.
For the first time a combination of the complementary approaches was made by Drake [5] . His results for energies of helium-like ions comprise all effects up to order mα 5 in the low-Z region, whereas in the high-Z region, they are complete up to the next-to-the-leading order in 1/Z for nonradiative effects and to the leading order, for radiative effects. Since then, significant progress was achieved in theoretical understanding of energy levels of atomic helium, whose description is now complete through order mα 6 [6, 7] . Also in the high-Z region, theoretical energies have recently been significantly improved by a rigorous treatment of the two-electron QED corrections [8] , which completed the O(1/Z) part of the radiative effects.
In the present investigation we aim to improve theoretical predictions of the n = 1 and n = 2 energy levels of light helium-like ions. To this end, we perform a calculation that includes all QED and recoil effects up to orders mα 6 and m 2 /M α 5 (M is the nuclear mass). In order to establish a basis for merging the current approach with the all-order calculations, we perform an extensive analysis of the 1/Z expansion of individual corrections. This analysis also provides an effective test of consistency of our calculational results and of the 1/Z-expansion data available in the literature.
II. THEORY OF THE ENERGY LEVELS
In this section, we present a summary of contributions to the energy levels of two-electron atoms complete up to orders mα 6 and m 2 /M α 5 . According to QED theory, energy levels of atoms are represented by an expansion in powers of α of the form E(α) = E (2) + E (4) + E (5) + E (6) + E (7) + . . . , (1) where E (n) ≡ mα n E (n) is a contribution of order α n and may include powers of ln α. Each of E (n) is in turn expanded in powers of the electron-to-nucleus mass ratio m/M
where E (n)
M denotes the correction of first order in m/M and E (n) M 2 is the second-order correction. To note, for the nonrelativistic energy, it is more natural to expand in m r /M (where m r is the reduced mass) rather than in m/M , since such expansion has smaller coefficients. For the relativistic corrections, however, the natural recoil expansion parameter is m/M , so for consistency we use it for the nonrelativistic energy as well.
The terms of the double perturbation expansion (1) and (2) are expressed as expectation values of some effective Hamiltonians (in some cases, of nonlocal operators) and as second-and higher-order perturbation corrections induced by these Hamiltonians (operators). It is noteworthy that the expansion (1) is employed also for the states that are mixed by the relativistic effects, namely 2 1 P 1 and 2 3 P 1 . The mixing effects are treated perturbatively. (So, the leading effect due to the 2 1 P 1 − 2 3 P 1 mixing appears naturally as the second-order mα 6 correction, together with contributions from other intermediate states.) This differs from the approach used, e.g., in Ref. [5] , where a two-by-two matrix was constructed for this pair of states and the energies were obtained by a diagonalization.
The leading contribution to the energy E
∞ ≡ E 0 is the eigenvalue of the nonrelativistic Hamiltonian,
where
is the mass polarization operator. The leading relativistic correction E
∞ is given by the expectation value of the Breit-Pauli Hamiltonian H (4) [9] ,
The finite nuclear mass correction to the Breit contribution E (4) M is conveniently separated into the mass scaling, the mass polarization, and the operator parts. The mass scaling prefactor is (m r /m) 4 for the first term in Eq. (7) and (m r /m) 3 , for all the others. The mass polarization part represents the first-order perturbation of E (4) ∞ by the mass-polarization operator (6) . The operator part is given by the expectation value of the recoil addition to the Breit-Pauli Hamiltonian,
where γ is the Euler constant. The Bethe logarithm is defined as
The operator H
fs is the anomalous magnetic moment correction to the spin-dependent part of the Breit-Pauli Hamiltonian. H (5) fs does not contribute to the energies of the singlet states and to the spin-orbit averaged levels but it yields the mα 5 contribution to the fine structure splitting. It is given by
We note that despite the presence of terms with ln Z in Eq. (10), the correction E
with Q a defined analogously to Eq. (11), and (m/M ) E 3 is the first-order perturbation of E
∞ due to the masspolarization operator (6) . The operator H (5) fs,rec yields a nonvanishing contribution to the fine-structure splitting only. It is given by
We note that the last term in Eq. (16) was omitted in the original derivation of Ref. [10] . The complete result for the m α 6 correction E (6) ∞ to the energy levels was derived by one of the authors (K.P.) in a series of papers [6, 7, 11, 12] 
nrad + H
R1 + H
R2 + H
fs + H
fs,amm .
The first term in the above expression contains the complete logarithmic dependence of the m α 6 correction. The part of it proportional to ln α was first obtained in Ref. [13] . The remaining logarithmic part proportional to ln Z was implicitly present in formulas reported in Ref. [6, 7] (it originates from the expectation value of the operator 1/r 3 ab ). In Eq. (19), we group all logarithmic terms together so that the remaining part does not have any logarithms in its 1/Z expansion.
The term E sec in Eq. (19) is the second-order perturbation correction induced by the Breit-Pauli Hamiltonian. (More specifically, it is the finite residual after separating divergent contributions that cancel out in the sum with the expectation value of the effective mα 6 Hamiltonian.) The first part of the effective Hamiltonian, H (6) nrad , originates from the non-radiative part of the electronnucleus and the electron-electron interaction. The next two terms, H (6) R1 and H (6) R2 , are due to the one-loop and two-loop radiative effects, respectively. The last two parts H (6) fs and H (6) fs,amm are the spin-dependent operators first derived by Douglas and Kroll [14] . They do not contribute to the energies of the singlet states and to the spin-orbit averaged levels. Expressions for these operators are well known and are given, e.g., by Eqs. (3) and (7) of Ref. [15] . The non-radiative part of the m α 6 effective Hamiltonian is rather complicated. For simplicity, we present it specifically for a two-electron atom. The corresponding expression reads [6, 7] 
. We note that the operator H (6) nrad is defined in such a way that its expectation values does not contain any logarithmic terms in the 1/Z expansion, as the last term of Eq. (20) is compensated by the corresponding contribution from the 1/r 3 operator. The effective Hamiltonians induced by the radiative effects are [6, 16, 17] 
and
The second-order correction can be represented as
where H
nfs and H (4) fs are the spin-independent and spindependent parts of the Breit-Pauli Hamiltonian (7), respectively. The operator H nfs by a transformation that eliminates divergences in the secondorder matrix elements [6] . The transformed operator is given by
where ∇ An intriguing feature of the formulas presented in this section is that the logarithmic dependence of all of them enters only in the form of ln(Zα). This is not at all obvious a priori since ln(Zα) appears naturally only in contributions induced by the electron-nucleus interaction. The effects of the electron-electron interaction usually yield logarithms of α, whereas logarithms of Z are implicitly present in matrix elements of singular operators. The fact that logarithms of α and logarithms of Z have the coefficients that match each other comes "accidentally" from the derivation.
The complete result for the corrections of order m α 7 for the helium Lamb shift is not presently available (it is known for the fine-structure splitting only [15, 18] ). One can, however, easily generalize some of the hydrogenic results, namely those that are proportional to the electron density at the nucleus. These are (i) the oneloop radiative correction of order mα (Zα) 6 ln 2 (Zα) −2 , (ii) the two-loop radiative correction of order mα 2 (Zα) 5 , and (iii) the nonrelativistic correction due to the finite nuclear size. The first two effects yield the main contribution to the higher-order remainder function of S states in light hydrogen-like ions. We expect that they dominate for light helium-like ions as well.
Following Ref. [5] , we approximate the higher-order radiative ("rad") and the finite-nuclear-size ("fs") correction to the energies of helium-like ions by
where the subscript H corresponds to the "hydrogenic" limit, i.e., the limit of the non-interacting electrons, and
The approximation of Eqs. (25) and (26) is exact for the above-mentioned corrections proportional to the electron density at the nucleus. It is expected also to provide a meaningful estimate for contributions that weakly depend on n (such as the nonlogarithmic radiative correction of order mα (Zα) 6 ). Moreover, this approximation is exact to the leading order in the 1/Z expansion, thus providing a meaningful estimate for high-Z helium-like ions as well.
For all the states under consideration except 2 1 P 1 and 2 3 P 1 , the "hydrogenic" remainder function is just the sum of the corresponding remainders for the two electrons in the configuration,
For the 2 1 P 1 and 2 3 P 1 states, the Dirac levels need to be first transformed from the jj to the LS coupling and thus [5] 
In our calculation, the one-electron remainder function E (7+) rad (nlj) includes all known contributions of order mα 7 and higher coming from (i) the one-loop radiative correction, (ii) the two-loop radiative correction, (iii) the three-loop radiative correction, see the review in Ref. [19] and Ref. [20] for an update on the two-loop remainder function.
Besides the finite-nuclear-size and radiative corrections, there are also non-radiative effects, denoted as E (7+) nrad and estimated within the 1/Z expansion. More specifically, we include the higher-order remainder due to the one-electron Dirac energy and due to the onephoton exchange correction. They enter at the order mα 8 only but are enhanced by factors of Z 8 and Z 7 , respectively. Despite this enhancement, numerical contributions of these effects are rather small for the ions considered in the present work.
III. RESULTS AND DISCUSSION

A. Numerical results
The nonrelativistic energies and wave functions are obtained by minimizing the energy functional with the basis set constructed with the fully correlated exponential functions. The choice of the basis set and the general strategy of optimization of the nonlinear parameters follow the main lines of the approach developed by Korobov [21, 22] . The calculational scheme is described in previous publications [6, 7, 15] and will not be repeated here. Numerical values of the nonrelativistic energies of helium-like ions with the nuclear charge Z = 3 . . . 12 are presented in Table I . The results were obtained with N = 2000 basis functions and are accurate to about 18 decimals (more than shown in the table). The energy levels of the helium atom traditionally attract special attention, so we present the corresponding results in full length below. Our numerical values of the upper variational limit of the nonrelativistic energies of helium are 
The value for the ground state is given only for completeness, since much more accurate numerical results are available in the literature [22, 23] . The numerical results for the leading relativistic correction E (4) are summarized in Table II. The leading QED correction E (5) is given by Eqs. (9), (10) , and (15) . Computationally the most problematic part of it is represented by the Bethe logarithm ln(k 0 ) and its mass-polarization correction ln(k 0 ) M . Accurate calculations of ln(k 0 ) were performed by Drake and Goldman [24] for helium-like like atoms with Z ≤ 6 and by Korobov [25] for Z = 2. Calculations of the recoil correction to the Bethe logarithm were reported by Pachucki and Sapirstein [10] for Z = 2 and by Drake and Goldman [24] for Z ≤ 6. In the present investigation, we perform accurate evaluations of the Bethe logarithm ln(k 0 ) and its recoil correction ln(k 0 ) M for helium-like ions with Z ≤ 12. The calculational approach is described in Appendix A. Table III summarizes the numerical results obtained and gives a comparison with the previous calculations. Numerical values for the Bethe logarithm are presented for the difference ln(k 0 )−ln(Z 2 ) since this difference has a weak Z-dependence and does not contain any logarithms in its 1/Z expansion. The table also lists the coefficients of the 1/Z expansion of ln(k 0 /Z 2 ). The leading coefficient c 0 is known from the hydrogen theory; accurate numerical values can be found in Ref. [26] . The higherorder coefficients were obtained by fitting our numerical data. It is interesting to compare them with the analogous results reported previously by Drake and Goldman [24] . For the next-to-the-leading coefficient c 1 , the results agree up to about 4-5 digits for S states and about 3-4 digits for P states. For the higher-order coefficients, the agreement gradually deteriorates. However, the results for the sum of the two expansions agree very well with each other. More specifically, the maximal absolute deviation between the values of the Bethe logarithms for Z > 12 obtained with our 1/Z-expansion coefficients and with those by Drake and Goldman is 1 × 10 −8 for the 1 1 S state, 3 × 10 −8 for the 2 1 S state, 6 × 10 −9 for the 2 3 S state, 1×10 −7 for the 2 1 P state, and 6×10 −8 for the 2 3 P state. So, the accuracy of these expansions is sufficient for most practical purposes.
Another part of the calculation of E (5) that needs a separate discussion is the evaluation of the expectation value of the singular operator 1/r 3 , which is defined by Eq. (12) . The calculational approach is described in Appendix B. Total results for the logarithmic and the nonlogarithmic part of the leading QED correction are summarized in Tables IV and V, respectively. The results are in good agreement with the previous calculations [5] .
Table VI presents the numerical values of the mα 6 correction, the main result of this investigation. The corresponding calculations for atomic helium were reported in Refs. [6, 7] ; our present numerical values agree with the ones obtained previously. Calculations performed in this work for helium-like ions were accomplished along the lines described in Refs. [6, 7] . Here we only note that calculations for higher values of Z often exhibit a slower numerical convergence (and numerical stability) than for helium, especially so for the second-order corrections involving singular operators. The variational optimization of nonlinear parameters for the symmetric second-order corrections was performed in several steps with increasing the number of basis functions on each step up to N = 1000 or 1200. The final values were obtained with merging several basis sets and enlarging the number of functions up to N = 5000 − 7000. The nonsymmetric second-order corrections were evaluated as described in Ref. [15] . The calculations were performed in the quadruple, sixtuple, and octuple arithmetics implemented in Fortran 95 by V. Korobov [27] . Table VII presents the results for the finite nuclear size correction and approximate values of the higher-order (m α 7 and higher) correction to the ionization energy. The uncertainty of the total theoretical prediction originates from the higher-order radiative effects; it was estimated by dividing the absolute value of this correction by Z. The values for the root-mean-square radius of nuclei were taken from Ref. [28] .
B. Comparison with the all-order approach
In this subsection we discuss the calculational results obtained for the m α 6 correction in more detail and make a comparison with the results obtained previously within the all-order, 1/Z-expansion approach. The logarithmic part of the correction, E (6) (log), behaves as m α 3 (Zα) 3 for large Z and thus corresponds to diagrams with three photon exchanges that have not yet been addressed within the all-order approach. The nonlogarithmic part E (6) (nlog), however, contains some pieces that are known and identified below.
For all states except 2 1 P 1 and 2 3 P 1 , the leading term of the 1/Z expansion of E (6) (nlog) is of order m (Zα) 6 and comes from the Zα expansion of the one-electron Dirac energy. For the 2 1 P 1 and 2 3 P 1 states, the leading term is of the previous order in 1/Z, m (Zα) 6 Z, and is due to the mixing of these levels. More specifically, the mixing contribution is δE mix = 2
for the 2 1 P 1 state and that with the opposite sign, for 2 3 P 1 . The contribution of order m (Zα) 6 for the mixing states comes from the expansion of the oneelectron Dirac energy and from the expansion of δE mix .
The next term of the 1/Z expansion is of order m α(Zα) 5 and comes from the one-electron one-loop radiative correction and from the one-photon exchange correction. The radiative part is well known [19] . The part due to the one-photon exchange was obtained for the 1 1 S, 2 3 S, 2 3 P 0 , and 2 3 P 2 states analytically in Ref. [29] and for the other states numerically in this work. For the 2 1 P 1 and 2 3 P 1 states, there is a small additional mixing contribution, which we were unable to determine unambiguously.
The first two coefficients of the 1/Z expansion of E (6) (nlog) are listed in Table VI . A fit of our numerical data agrees well with these coefficients. The agreement observed shows consistency of our numerical results with independent calculations at the level of the onephoton effects. We now turn to the contribution of order m α 2 (Zα) 4 . This contribution is induced by nontrivial two-photon effects, so that a comparison drawn for this part will yield a much more stringent test of consistency of different approaches.
The part of E (6) (nlog) that is of order m α 2 (Zα) 4 is implicitly present in the two-electron QED contribution calculated numerically in Ref. [8] 
where the remainder function G(Z) incorporates all higher orders in Zα. The two-electron QED correction comprises the so-called screened self-energy and vacuumpolarization contributions and the part of the two-photon exchange correction that is beyond the Breit approximation.
The coefficients a 31 and a 30 in Eq. (35) correspond to the second term of the 1/Z expansion of the leading QED correction E (5)
∞ . More specifically, a 31 corresponds to the coefficient c 1 from Table IV and a 30 , to that from Table V. The Z = 0 limit of the higher-order remainder function G(Z) corresponds to the third coefficient of the 1/Z expansion of the correction E (6) (nlog), G(0) = c 2 , for all states except 2 1 P 1 and 2 3 P 1 . The values of c 2 obtained by fitting our numerical data are listed in Table VI. For the 2 1 P 1 and 2 3 P 1 states, the coefficient c 2 is not directly comparable with the all-order results because of the mixing effects.
The higher-order remainder function G(Z) inferred from the numerical results of Ref. [8] is plotted in Fig. 1 , together with its limiting value at Z = 0 obtained by a fit of our numerical data. It should be stressed that the identification of the remainder implies a great deal of numerical cancellations, especially for the all-order results. The comparison drawn in Fig. 1 provides a stringent cross-check of the two complementary approaches. The visual agreement between the results is very good for the S states, whereas for the P states a slight disagreement seems to be present.
It is tempting to merge the all-order and the Zα-expansion results by fitting the all-order data for G(Z) towards lower values of Z. However, we do not attempt to do this in the present work. The reasons are, first, that the numerical accuracy of the all-order results is apparently not high enough and, second, that the expansion of the remainder function G(Z) contains terms (Zα) ln 2 (Zα) and (Zα) ln(Zα), which cannot be reasonably fitted with numerical data available in the high-Z region only.
C. Total energies
Our total results for the ionization energy of the n = 1 and n = 2 states of helium-like atoms with the nuclear charge Z = 2 . . . 12 are listed in Table VIII . The following values of fundamental constants were employed [19] , R ∞ = 10 973 731.568 527(73) m −1 and α −1 = 137.0359 999 679(94). The atomic masses were taken from Ref. [30] .
The results for atomic helium presented in Table VIII differ from those reported previously only because of the different approximate treatment of the higher-order (m α 7 and higher) contribution employed in this work. For the S states of helium, the present values are practically equivalent to those of Refs. [6, 7] . (The difference is that now we include some contributions of order m α 8 and higher, which are negligible for helium but become noticeable for higher-Z ions.) However, for the helium P states, our present estimate of the higher-order contribution is by about 1 MHz higher than that of Ref. [7] . The reason is that the one-electron radiative correction of the p electron state was previously not included into the approximation (25) . It is included now [see Eq. (29)] in order to recover the correct asymptotic behaviour of the radiative correction in the high-Z limit.
A selection of our theoretical results for transition energies is compared with the theory by Drake [5, 31] and with experimental data in Table IX . Agreement between theory and experiment is excellent in all cases studied. We observe a distinct improvement in theoretical accuracy as compared to the previous results by Drake. This improvement is due to the complete treatment of the corrections of order mα 6 and m 2 /M α 5 accomplished in this work.
Theoretical results for the fine structure splitting intervals 2 3 P 0 − 2 3 P 1 and 2 3 P 1 − 2 3 P 2 are not analyzed in the present work. This is because these intervals can nowdays be calculated more accurately (complete up to order mα 7 ), like it was recently done for helium [15] . We intend to perform such a calculation in a subsequent investigation.
Among the results listed in Table VIII for helium-like ions, the ground-state energy of the carbon ion is of particular importance, because it is used in the procedure of the adjustment of fundamental constants [32] for the determination of the mass of 12 C 4+ and, consequently, of the proton mass from the Penning trap measurement by Van Dyck et al. [33] . Our result for the ground-state ionization energy of helium-like carbon is
which is in agreement with the previous result by Drake [5] of −3 162 423.34(15) cm −1 . We note that despite the fact that our calculation is by an additional order of α more complete than that by Drake, our estimate of uncertainty is more conservative.
In summary, significant progress has been achieved during last decades both in experimental technique and theoretical calculations of helium-like atoms. In the present investigation, we performed a calculation of the energy levels of the n = 1 and n = 2 states of light helium-like atoms with the nuclear charge Z = 2 . . . 12, within the approach complete up to orders mα 6 and m 2 /M α 5 . An extensive analysis of the 1/Z expansion of individual corrections was carried out and comparison with results of the complementary approach was made whenever possible. Our general conclusion is that the results obtained within the approaches based on the Zα and the 1/Z expansion are consistent with each other up to a high level of precision. However, further improvement of numerical accuracy of the all-order, 1/Zexpansion results and their extension into the lower-Z region is needed in order to safely merge the two complementary approaches. Following the approach of Refs. [34, 35] , the Bethe logarithm (13) is expressed in terms of an integral over the momentum of the virtual photon,
where D = 2πZ δ 3 (r 1 ) + δ 3 (r 2 ) , ∇ ≡ ∇ 1 + ∇ 2 , and
For the purpose of numerical evaluation, the integration over the photon momentum k is divided into two regions by introducing the auxiliar parameter κ,
where the function w(k) represents the residual obtained from J(k) by removing all known terms of the large-k asymptotics,
and R(κ) is a simple function obtained by integrating out the separated asymptotic expansion terms,
The calculational scheme employed for the evaluation of Eq. (A3) is similar to that previously used [15] for the relativistic corrections to the Bethe logarithm. At the first step, a careful optimization of nonlinear basis-set parameters was carried out for a sequence of scales of the photon momentum: k i = 10 i and i = 1, . . . , i max , with i max = 5 for the S states and i max = 4 for the P states. The optimization was performed with incrementing the size of the basis until the prescribed level of convergence is achieved for the function w(k). At the second step, the integrations of the photon momentum k were performed. For a given value of k, the function J(k) was calculated with a basis obtained by merging together the optimized bases for the two closest k i points, thus essentially doubling the number of the basis functions. The function w(k) was obtained from J(k) according to Eq. (A4).
The integral over k ∈ [0, κ] was calculated analytically, by diagonalizing the Hamiltonian matrix and using the spectral representation of the propagator. The value of the auxiliar parameter κ was set to κ = 100. The integral over k ∈ [κ, ∞) was separated into two parts, k < 10 imax and k > 10 imax . The first part was evaluated numerically by using the Gauss-Legendre quadratures, after the change of variables t = 1/k 2 . The second part was obtained by integrating the asymptotic expansion of the function w(k). The coefficients of this expansion were obtained by fitting the numerical data for w(k) to the form
where pol(x) denotes a polynomial of x. The total number of fitting parameters was about 9 − 11. The range of k to be fitted and the exact form of the fitting function were optimized so as to yield the best possible results for the known asymptotic expansion terms of J(k).
The first-order perturbation of the Bethe logarithm by the mass-polarization operator can be represented as [10] 
and δE = p 1 · p 2 . The perturbed wave function δφ is defined by
where δ M stands for the first-order perturbation induced by the operator p 1 · p 2 . The asymptotic expansion of J M (k) is much simpler than that of J(k) and w M (k) is just
Correspondingly, the function R M (κ) is
The numerical evaluation of Eq. (A7) was performed in a way similar to that for the plain Bethe logarithm. In particular, the same sets of optimized nonlinear parameters were used. Since a high accuracy is not needed for this correction, a somewhat simplified calculational scheme was used in this case. The high-energy part of the photon-momentum integral, k ∈ [100, ∞), was evaluated by integrating the fitted asymptotic expansion for w M (k), which was taken to be of the form (A6) with 6−9 fitting parameters. The definition of the expectation value of the regularized operator 1/r 3 is given by Eq. (12) . With the basisset representation of the wave function employed in this work, a typical singular integral to be calculated is
The straightforward way is to evaluate this integral analytically for a finite value of the regulator ǫ and then expand it in small ǫ. This way is possible, but we prefer to use a simpler procedure, which is also the closest to the method of evaluation of the regular integrals. We recall that all regular integrals are immediately obtained from the master integral
by formal differentiation or integration with respect to the corresponding parameters. The differentiation over α and β and an integration over γ delivers a result for the integral of the type 1/r 2 . This integral is convergent, so the result is exact. The second integration over γ (which would yield an integral of the type 1/r 3 ) is divergent. The simplest way to proceed is as follows. We introduce a cutoff parameter for large values of γ, evaluate the integral over γ, and drop all cutoff-dependent terms. The expression obtained in this way differs from the correct one by a γ-independent constant only, which can be proved by differentiating with respect to γ.
The missing constant is most easily recovered by considering the behavior of the integral I when γ → ∞. For very large γ, only the region of very small r contributes and we have
Therefore,
The above equation yields the necessary condition for determining the missing constant term in the general expression for the regularized integral I reg . M 2 was not studied since this correction is relevant for the light atoms only. Atomic units are used. 
∞ and E
M for helium-like atoms and their 1/Z-expansion coefficients. The analytical results for the coefficient c1 for E (4) ∞ were taken from Ref. [29] for the 1 1 S, 2 3 S, 2 3 P0, and 2 3 P2 states. For the other states, this coefficient was evaluated numerically to high accuracy in this work by the same method as in Ref. [29] . The c0 coefficient of E (4) M for the S states originates from the one-electron recoil effect and is well known from the hydrogen theory. For the P states, it contains also the two-electron contribution, which was derived in Ref. [36] . The remaining 1/Z-expansion coefficients were obtained by fitting the numerical data for E (4) ∞ and E (4) M . Atomic units are used. Bethe logarithm for helium-like atoms with the infinite nuclear mass, ln(k0/Z 2 ), and its first-order perturbation by the mass polarization operator, ln(k0)M . Coefficients of the 1/Z expansion of ln(k0/Z 2 ) are also presented. The leading term c0 is known with a high accuracy from the hydrogen theory. The higher-order coefficients are obtained by fitting the numerical data. 
∞ (log) and E
M (log). For the non-recoil correction, we present the coefficients of the 1/Z expansion obtained by fitting the numerical data (except for c0 which is known analytically). The recoil correction is very small for ions with Z > 12, so its 1/Z expansion was not studied. Atomic units are used. 
M (nlog). For the non-recoil part, we present the coefficients of the 1/Z expansion. The coefficient c0 is known with a very good accuracy from the hydrogen theory. The remaining coefficients were obtained by numerical fitting. The radiative recoil correction is very small for ions with Z > 12, so its 1/Z expansion was not studied. Atomic units are used. nrad . Contributions to the ionization energy are presented. Numerical values of the finite nuclear size correction are scaled by the same factor as for the higher-order correction, in order to simplify the comparison between them.
TABLE VIII: Total theoretical ionization energies of n = 1 and n = 2 states in light helium-like ions, in cm −1 . A is the nuclear mass number and R ch is the root-mean-square nuclear charge radius. 
